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Note:-
Some of the examples in this presentation and activities have not 
been moderated for use in live examinations. 
They are intended solely as T & L questions. 
Also some of the exam questions are taken from the International     
A-Level Examinations. 

Modelling non-linear 
relationships using 

logarithms



If, from an experiment, we have a set of values 
of x and y that we think may be related we often 
plot them on a graph.
If the relationship can be approximated by a 
straight line, a line of best fit can easily be 
drawn through the data. 
However, it is not easy to draw a curve through 
data.

naxy = xaby =or
If we think that a relationship of the form 

fits the data, where a and b are constants, we 
can use logs to obtain a straight line.

Using Logs to reduce to linear form



Form 1  
Suppose we believe a relationship of the form            
exists between x and y.  Then, 

naxy =

Take logs: )log(log naxy =

naxy =

Simplify: nxay logloglog += ( Law 1 )

This equation now represents a straight line

where yY log=

ylog ( Law 3 )⇒ alog= + n xlog

cY = + m X

Using Logs to reduce to linear form
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Suppose we believe a relationship of the form            
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naxy =

We plot       against log x.  ylog



so, yY log= ( as before )

Form 2  For a relationship of the form           we 
work in a similar way.

xaby =

xaby =Take logs:
)log(log xaby =⇒

xbay logloglog +=⇒

ylog⇒ alog x blog= +

mY = c X+

Using Logs to reduce to linear form
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so, yY log= ( as before ) but xX =

We plot        against x.  ylog

For a relationship of the form           we work in a 
similar way.

xaby =

xaby =Take logs:
)log(log xaby =⇒

xbay logloglog +=⇒

blogThe gradient, m = and c = alog

ylog⇒ alog x blog= +

mY = c X+

Using Logs to reduce to linear form



SUMMARY
naxy = xaby = The relationships          and          can both 

be reduced to straight lines by taking logs.
• For           ,naxy = )log(log naxy =

nxay logloglog +=⇒

)log(log xaby =
xbay logloglog +=⇒

• For           ,xaby =

nylog⇒ alog= + xlog
cY = + m X

ylog⇒ alog= + x blog
cY = + mX

Using Logs to reduce to linear form
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Use logarithmic graphs to estimate parameters in relationships 
of the form y = axn 

Trip Advisor

Power laws are 
common in nature

A company make models in 
different sizes of an iconic building.
The table gives information about 
the costs and heights of the 
models.

Height(h cm) 10 15 20 30 50

Cost ($y) 3 8 20 70 300

Assuming the relationship between cost 
($y) and height (h cm) is y = ahn

(a)Draw a suitable straight line graph 
(b)Use your graph to find an estimate 

for n and an estimate for a.
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Use logarithmic graphs to estimate parameters in relationships of the 
form  y = axn 

y = ahn 

log y = log a + n log h

Y = log a + n X

Gives a straight line graph in the 
(X, Y) plane with gradient n and 
intercept on the ‘Y-axis’ of log a

Height (h cm) 10 15 20 30 50
Cost ($y) 3 8 20 70 300

Log h 1.00 1.18 1.30 1.48 1.70
Log y 0.40 0.93 1.30 1.83 2.49
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Use logarithmic graphs to estimate parameters in relationships of the 
form y = axn 

y = ahn 

log y = log a + n log h

Y = log a + n X

Gives a straight line graph in the 
(X, Y) plane with gradient n and 
intercept on the ‘Y-axis’ of log a

Log h 1.00 1.18 1.30 1.48 1.70
Log y 0.40 0.93 1.30 1.83 2.49
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Log h

The points lie near to straight line.
Draw the best straight line by 
judgment

It will not be possible to read of 
the intercept on the log y axis 
from the graph…….

log y 



Logarithms

18

Use logarithmic graphs to estimate parameters in relationships of the 
form y = axn 

This will happen when 0<a<1 

Log h 1.00 1.18 1.30 1.48 1.70
Log y 0.40 0.93 1.30 1.83 2.49

It will not be able to read of the 
intercept on the log y axis from 
the graph 

0.5
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1.5
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0.5 1 1.5 2 2.5 30

Log h

Gradient  = 3
9.07.1
1.05.2
=

−
−

So pick a suitable value of (X, Y) on the 
line to calculate an estimate log a

I  chose (1, 0.4) so that  0.4 = log a + 3 × 1

log a = −2.6  so a = 10−2.6 = 0.0025 ( 2 d.p.)   

So, y = 0.0025h3

We then could (but shouldn’t) predict the 
cost of a one metre tower.

log y 



Try the next 
example after 

the course
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Use logarithmic graphs to estimate parameters in relationships of the 
form y = abx These are essentially exponential 

increase and decrease laws

t  
(hours) 20 40 60 80 100 120

Mass
(grams) 8.11 6.57 5.33 4.32 3.50 2.84

The table shows the 
mass (m grams) of 
radioactive molybdenum 
99 in a container after             
t hours.

Given that the relationship is thought to be of the form m = abt

draw a suitable graph to confirm this  and estimate the values of a and b

Estimate the initial mass of molybdenum 99

This is one for you to try 
after the course
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Use logarithmic graphs to estimate parameters in relationships of the 
form  y = abx

t  
(hours) 20 40 60 80 100 120

Mass
(grams) 8.11 6.57 5.33 4.32 3.50 2.84

The table shows the 
mass (m grams) of 
radioactive 
molybdenum 99 in a 
container after t hours.
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Use logarithmic graphs to estimate parameters in relationships of the    
form y = abx

Intercept = 1  
Slope = -0.0046

y = -0.0046x + 1
R² = 1

0

0.2

0.4

0.6

0.8

1

1.2

0 50 100 150 200

logm

t( hours)

Log m v t

a = 10 
log b = -0.0046
b = 0.99

So, m = 10 (0.99)t

Say 5 marks  
2 for the correct form to plot
2 for finding a and b
1  for accurate values of a and b



Example (from Dr Frost)

0.30 0.48 0.60 0.70 0.78

6 5.86 5.79 5.72 5.68

6.4
6.0
5.6
5.2

0.2  0.4   0.6   0.8

Let’s use these points on 
the line of best fit to 
determine the gradient.

?
a

?

b

c

?



The value of a rare painting, £V, is modelled by the 
equation V = pqt, where p and q are constants and t
is the number of years since the value of the painting 
was first recorded on 1st January 1980.

The line l shown in Figure 3 illustrates the linear 
relationship between t and log10V since 1st January 
1980.

The equation of line l is log10V = 0.05t + 4.8.

(a) Find, to 4 significant figures, the value of p and the 
value of q.                                                                 (4)

(b) With reference to the model, interpret

(i)   the value of the constant p,
(ii) the value of the constant q.                                 (2)

(c) Find the value of the painting, as predicted by the 
model, on 1st January 2010, giving your answer to the 
nearest hundred thousand pounds.                           (2)

June 2018 
AS Pure 
Paper



June 2018 AS Pure Paper (Student-friendly Answers)



IAL P3 
SAMs

Graph and line of 
best fit drawn



IAL P3 SAMs
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Developing the Concept:

Modelling with 
Exponentials
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Here is an example of modelling a population
 A rare species of mammal is being studied. The population P, t years after the study 

started, is modelled by the formula 

P =  t ∈ ℝ, t ⩾ 0 

Students should be able to:
Work out the population at a given time

Find the rate of change of population at a 
given time

Find the maximum (or minimum) population 
and the time at which it occurs
(Not for this particular model, of course!)

t ≥ 0

Modelling with Exponentials
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(a) Find the initial number 
of ants in the study.

(b) Show that P has a 
minimum at time T.

Taken from C34 
June 2017 mark scheme

Modelling with Exponentials
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(a) Find the initial number 
of ants in the study.

T = 0 , P = 200 – 160/(15 + 1) = 190 

(b) Show that P has a 
minimum at time T.

Taken from C34 
June 2017 mark scheme

Modelling with Exponentials
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(a) Find the initial number 
of ants in the study.

T = 0 , P = 200 – 160/(15 + 1) = 190 

(b) Show that P has a 
minimum at time T.

Taken from C34 
June 2017 mark scheme

Modelling with Exponentials
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Taken from C34 June 2017

Understand and use exponential growth and decay. Students 
should be familiar with terms such as ‘initial’ and be able to 
explore behaviour for large values of t or to consider whether 
the range of values predicted is appropriate.

Taken from C34 June 
2017 mark scheme

(c) What happens to the value of P as t increases 
beyond T?

Modelling with Exponentials
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Taken from C34 June 2017

Understand and use exponential growth and decay. Students 
should be familiar with terms such as ‘initial’ and be able to 
explore behaviour for large values of t or to consider whether 
the range of values predicted is appropriate.

Taken from C34 June 
2017 mark scheme

(c) What happens to the value of P as t increases 
beyond T?

For large values of t , P behaves like 200 − 160e−0.2t 

so tends towards 200 from below
(as, in fact shown in the figure)

Modelling with Exponentials
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Understand and use exponential growth and decay. 
Consideration of a second improved model may be required. 

The simple model of exponential growth  N = No ekt  predicts 
unrestricted growth as t increases.

A more sophisticated model with k > 0 is shown below

kt

kt

B
AN

e1
e

+
=

2

4

2 40 t

y = e0.5t

t

t

y 5.0

5.0

e1
2e
+

=

N tends to A/B as t gets large. 

The initial value of N is A/(1 + B) 



AL June 2019 Paper 1 (Qu 12)
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Paper 1 Qu 12 - Analysis

Question Mean 
score

Max 
score

Mean 
%

Modal 
score

12 4.15 10 42 0
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AL June 2019 Paper 1 (Qu 12)



Plenary



Support Docs
Google Drive Link               

Free Resources for Legacy, 
IAL and 2017 A-Level 

Courses

http://tinyurl.com/yaqj3jao

http://tinyurl.com/yaqj3jao




Thank you for your 
attention

Q & A Session
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